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ON A NEW GEOMETRIC HOMOLOGY THEORY
HAO YU
Abstract. In this note we present a new homology theory, we call it geo-
metric homology theory (or GHT for brevity). We prove that the homology
groups of GHT are isomorphic to the singular homology groups, which solves
a Conjecture of Voronov. We mainly base on the celebrated stratification and
triangulation theories of Lie groupoids and their orbit spaces. as well as the
extension to Lie groupoids with corners by us. GHT has several nice properties
compared with singular homology, making it more suitable than singular ho-
mology in some situations, especially in chain-level theories. We will develop
further of this theory in our sequel paper.
1. Introduction
In this paper, we introduce a new homology theory, we call it geometric homol-
ogy theory, or GHT for brevity. This theory is based on the notion of geometric
chains, first introduced by Voronov et al. ([VHZ]). GHT has several nice properties
including (but not limited to): first, the homology groups in GHT are isomorphic
to singular homology groups; Secondly, chains in GHT behave quite well with some
natural operations including Cartesian products and pull backs along fiber bun-
dles. This is in shape contrast with the singular chains, where they do not have
canonical definitions when acted by these operations. The third, the fundamental
chains of manifolds (or orbifolds) with corners can be canonically defined in GHT,
while there is certainly no such for singular chains. Due to these nice properties, we
believe it will be useful in some cases if one use geometric chains in place of singular
chains. Specifically, we borrow the definition of geometric chains from [VHZ] first.
Definition 1.0.1. (geometric chains). Given a topological space X , a geometric
chain is a formal linear combination over Q of continuous maps f : P → X ,
where P is a compact connected oriented (smooth) orbifold with corners, modulo
the equivalence relation induced by isomorphisms between the source orbifolds P .
Here, an orientation on an orbifold with corners is a trivialization of the determinant
of its tangent bundle. The dimension of P is called the dimension of the geometric
chain f .
We denote the set of geometric chains of dimension k by GCk(X,Q). We will
prove the following theorem.
Theorem 1.0.2. (geometric homology is isomorphic to singular homology). The
set of geometric chains of X forms a complex GC∗(X,Q) over Q graded by the
dimensions of chains, with the boundary of a chain f given by (∂P, f |∂P ), where
∂P is the sum of codimension one faces of P with the induced orientation. The
homology groups of GC∗(X,Q) are denoted by GH∗(X,Q). Then we have
(1) GH∗(X,Q) ∼= H∗(X,Q)
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In particular, if P is restricted to be a manifold with corners, we get a sub-
complex of geometric chain complex. We denote it by GCm∗ (X,Q).
Corollary 1.0.3. The homology groups of GCm∗ (X,Q) are isomorphic to singular
homology groups, i.e.
(2) GHm∗ (X,Q)
∼= H∗(X,Q)
This corollary is perhaps more interesting for some readers. After completion of
the ideas and methodology used in the paper, we are aware that it has previously
appeared in [CD] which also relied on triangulations theory. However no more
details are given there except pointing out some references. The theorem (1.0.2) is
somewhat surprising. In [VHZ], Voronov et al. made a remark on this property.
We quote its expression ”Our notion of chains leads to a version of oriented bordism
theory via passing to homology. If we impose extra equivalence relations, such as
some kind of a suspension isomorphism, as in [Ja], or work with piecewise smooth
geometric chains and treat them as currents, in the spirit of [FOOO], we may obtain
a complex whose homology is isomorphic to the ordinary real homology of X”. Thus
from this point of view, our theorem (1.0.2) answers his question affirmably but
with no additional constrains needed.
Similarly, one can define the cohomology theory in GHT, as well as cup prod-
ucts, cap products, and so on. Essentially, properties hold in singular homology
(cohomology) theory should still hold in GHT. This observation can be deduced
from the very method of the proof on the main theorem (1.0.2). We note that it is
a general principle, one still needs to prove each basic property one by one.
For applications, we mention that (which is also a motivation of developing GHT)
in [C] Costello constructed an algebraic counterpart of the theory of Mirror sym-
metry, in particular, the construction of Gromov-Witten potential in pure algebra
manner. In order to deal with pullbacks of chains, he has to consider S-equivariant
chains and S1 homotopy coinvariants, which is due to the singular chains not being
able to canonically defined under pullbacks as mentioned above. Also, he has to
use S1 equivariant chains to define fundamental chains for orbifolds with boundary.
More specifically, he needs to construct a Batalin-Vilkovsky algebraic structure on
the singular chain complexes on the compactification of moduli spaces of Rien-
mann surface with marked points, the well-known Deligne-Mumford spaces, and
moreover needs to use fundamental chains as solutions of quantum master equa-
tions that encodes the fundamental classes of Deligne-Mumford spaces and thus
encodes Gromov-Witten potentials. By using geometric chains, we give an exten-
sion of his results to open-closed topological conformal theory and prove the similar
results (see [HY]). This is also related to the typical motivation of geometric chains
theory as ”we need the unit circle S1 to have a canonical fundamental cycle and the
moduli spaces which we consider to have canonical fundamental chains, irrespective
of the choice of a triangulation. On the other hand, we believe it is generally better
to work at the more basic level of chains rather than that of homology”, quoted
from [VHZ]. We do not need to use equivariant homotopy theory in this case since
we are using geometric chains instead of singular chains, everything there looks
very natural. Other potential applications will be studied as a future work.
We briefly sketch the ideas of the proof as follows. Regarding orbifolds as proper
Lie groupoids s, t : G ⇒ M , with discrete isotropy groups is the modern views of
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orbifolds ([Mo]). The method of proof relies heavily on the celebrated stratifica-
tions and triangulations theory of Lie groupoids. Any proper Lie groupoid has a
canonical stratification given by the connected components of Morita equivalence
decomposition. And if M is a differential space, then the stratification is a Whit-
ney stratification. The same are also true when passing to the orbit space. The
result of Thom and Mather in [Mat70] shows that any space that has a Whitney-
stratification admits an abstract pre-stratification structure. And the result of [V]
shows that if a space has an abstract pre-stratification structure, then it has a tri-
angulation compatible with the abstract pre-stratification. In particular, the orbit
space has an abstract pre-stratification structure and thus has a triangulation. The
innovative idea of ours is to introduce the notion of Lie groupoid with corners and
prove analogous results as for Lie groupoids. One of them is the following extension
of Bierstone’s theorem ([B]) to the case of manifolds with corners: the orbit space
of an Eucliean space with corners acted by a compact Lie group admits a canonical
stratification that is Whitney stratification, and it coincides with the stratification
given by orbit type. This stratification also respects the corner structure. With
these extensions, the above machinery then all work, and we can thus prove the
theorem (1.0.2).
The organization of the remaining of this paper is as follows. In section 1, we
review relevant concepts and properties on orbifolds, orbifolds with corners and Lie
groupoids and introduce new notions of Lie groupoids with corners. We prove an
equivalence between orbifolds with corners and proper Lie groupoids with corners
by studying a local model of Lie groupoids with corners. Section 2 discusses the
celebrated stratification theory on proper Lie groupoids and presents generalization
to proper Lie groupoids with corners. We prove our main results in section 3.
2. Notation
Let Rn denote the n-dimensional Eucliean space. Rn+ := {(x1, x2, . . . , xn)|xi ≥
0, i = 1, . . . , n} denotes the subset of Rn consisting of points whose coordinates are
all nonnegative reals. And let Rnk := (x1, x2, . . . , xn)|xi ≥ 0, i = 1, . . . , k denotes
the subset of Rn with the first k coordinates non-negative. And let Rn+k denote
a subset of Rn+ consisting of points whose coordinates have exact n − k 0. For
any smooth manifold with corners M , we denote by Bordk(M) a subset of M
consisting of points each of which has a neighbourhood diffemorphic to an open set
in Rnk . It is called the k-corner of M . Each connected component of Bordk(M) is
a smooth manifold (with the induced topology) of which the closure is a manifold
with corners. M with Bordk(M) is called the corner structure of M . When a Lie
group G acts on a topological space M , its orbit space is denoted by |M/G|. An
action of a Lie group G on a manifold with corners M is a smooth map
(3) f : G×M →M
such that f |G×Bordk(M) ⊆ BordkM . Moreover, if M = R
n
k and G acts on each
Bordl(M) lineally, we say R
n
k is a linear corner representation of G.
We frequently, in the remaining part of the paper, expand symmetrically along
the first k axes of Rnk to make it into R
n. We also call this operation doubling.
Throughout the paper we are working in smooth category i.e. smooth manifolds,
orbifolds and morphisms, unless otherwise specified.
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3. Orbifolds, orbifolds with corners and Lie groupoids
We review the preliminaries on orbifolds, orbifolds with corners and Lie groupoids.
The standard reference for orbifolds and Lie groupoids are [ALR, Mo, MP] as well
as the relevant work [CM, MM], see also the pioneering work [S]. We start dis-
cussing orbifolds by presenting its original definition, then we show that they can
be equivalently reformulated as proper Lie groupoids with discrete isotropy groups.
Definition 3.0.1. (Orbifolds). Let X be a topological space, and fix n ≥ 0.
• An n-dimensional orbifold chart on X is given by a connected open subset
U˜ ⊆ Rn, a finite group G of smooth automorphisms of U˜ , and a map
φ : U˜ → X so that φ is G-invariant and induces a homeomorphism of U˜/G
onto an open subset U ⊆ X .
• An embedding λ : (U˜ , G, ϕ) →֒ (V˜ , H, ψ) between two such charts is a
smooth embedding λ : U˜ →֒ V˜ with ψλ = ϕ. An orbifold atlas on X is a
family U = (U˜ , G, ϕ) of such charts, which cover X and are locally com-
patible: given any two charts (U˜ , G, ϕ) for U = ϕ(U˜ ) ⊂ X and (V˜ , H, ψ)
for V ⊆ X , and a point x ∈ U ∩ V , there exists an open neighbourhood
W ⊆ U∩V of x and a chart (W˜ ,K, µ) forW such that there are embeddings
(W˜ ,K, µ) →֒ (U˜ , G, ϕ) and (W˜ ,K, µ) →֒ (V˜ , H, ψ).
• An atlas U is said to refine another atlas V if for every chart in U there
exists an embedding into some chart of V . Two orbifold atlases are said to
be equivalent if they have a common refinement.
An orbifold X of dimension n or an n-orbifold is a paracompact Hausdorff space
X equipped with an equivalence class U of n-dimensional orbifold atlases.
As geometric chains are built on parts of orbifolds with corners, we need to
similarly extend the definition of (3.0.1), as what we did frommanifolds to manifolds
with corners.
Definition 3.0.2. (orbifolds with corners). Let X be a topological space, and fix
n ≥ 0.
• A generalized n-dimensional orbifold chart on X is given by a connected
open subset U˜ ⊆ Rn+, a finite group G of smooth automorphisms of U˜ ,
and a map ϕ : U˜ → X so that ϕ is G-invariant and if for any 0 ≤ k ≤ n
U˜k := U˜ ∩Rn+k 6= ∅ then φ restricted to any connected component of U˜k is
G-invariant, and φ induces a homeomorphism of U˜/G onto an open subset
U ⊆ X .
• An embedding λ : (U˜ , G, ϕ) →֒ (V˜ , H, ψ) between two such charts is a
collection of smooth embeddings λk : U˜k →֒ V˜k. with ψλ = ϕ. An orbifold
atlas on X is a family U = (U˜ , G, ϕ) of such charts, which cover X and
are locally compatible: given any two charts (U˜ , G, ϕ) for U = ϕ(U˜) ⊆ X
and (V˜ , H, φ) for V ⊆ X and a point x ∈ U ∩ V , there exists an open
neighbourhood W ⊆ U ∩ V of x and a chart (W˜ ,K, µ) for W such that
there are embeddings (W˜ ,K, µ) →֒ (U˜ , G, ϕ) and (W˜ ,K, µ) →֒ (V˜ , H, ψ).
• An atlas U is said to refine another atlas V if for every chart in U there
exists an embedding into some chart of V . Two generalized orbifold atlases
are said to be equivalent if they have a common refinement.
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An orbifold with corners X of dimension n or an n-orbifold with corners is a para-
compact Hausdorff space X equipped with an equivalence class U of n-dimensional
generalized orbifold atlases.
From the definition we see that the notion of orbifolds are tied with the notion of
spaces with finite group action, and more generally smooth spaces with Lie groups
actions. A generalization of the latter is the notion of Lie groupoid.
Definition 3.0.3. (Lie groupoid). A Lie groupoid, consists of the following data:
two smooth manifolds G and M , called the space of sources and space of objects,
two smooth maps s, t : G → M, called the source and target maps, such that s or
t is a surjective submersion, a partial defined smooth multiplication m : G(2) → G,
defined on the space of composable arrows G(2) = (g, h) ∈ G|s(g) = t(h)) (by being
the surjective submersion of s or t, this set is a smooth manifold), a unit section
u : M → G, and an inversion i : G → G, satisfying group-like axioms. We denote
the above Lie groupoid by G ⇒M .
We assume that the readers have some familiarity with basic notions and proper-
ties of Lie groupoids. For comprehensive introduction we refer the book by Macken-
ziesee ([Mac]).
As conventional, for an open set U ⊆ M we denote by GU the restricted Lie
groupoid of G to U . The isotropy group of G at x, in particular, is denoted by Gx.
And Ox denotes the orbit of x ∈M under the canonical action of G on M .
In [Mo] it established a very important and nice property that an orbifold is
equivalently described as a Lie groupoid with discrete isotropy groups (and also
equivalently formulated as a Lie groupoid with etale isotropy groups if considering
Morita equivalence). To work in the category of orbifolds with corners, we introduce
a new notion of Lie groupoids with corners.
Definition 3.0.4. (Lie groupoid with corners). A Lie groupoid with corners con-
sists of the following data: two smooth manifolds with corners G and M , and all
the data as in the definition of Lie groupoids, such that the source and targets
maps respect the corners structures of G and M , i.e. the inverse image of each con-
nected component of Bordk(M) is a connected component of Bordk(G), and the
image of each connected component of Bordk(G) lies in one connected component
of Bordk(M).
One can deduce then that m,u, i all respect the corners structures of G and M .
We often write G ⋉M for a Lie groupoid (resp. with corners) associated to a
Lie group action on a manifold (resp. with corners) M .
Naturally, one expect there is also an equivalence between orbifolds with corners
and Lie groupoids with corners and discrete isotropy groups. For proving this, we
need the following local model of Lie groupoids with corners around a point.
Proposition 3.0.5. (local model of Lie groupoids with corners about a point). Let
G ⇒ M be a Lie groupoid with corners over M . And let x ∈ M be a point. There
is a neighbourhood U of x in M , diffemorphic to O×W , where O ⊆ Ox is an open
set, W ⊆ Nx is an Gx invariant open set in the normal space Nx to Ox at x, such
that under this diffemorphism GU is isomorphic to the product of the pair groupoid
O ×O⇒ O with Gx ⋉W .
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Proof. Assume s is a surjective submersion, for any g ∈ G, x = s(g), we can choose
neighbourhoods U around g and V around x, such that on U s is given by
(4) s|U : R
l ×Rnk → R
n
k
for some l and k. GV is an open set of U . Now we use ”doubling” argument to
extend manifolds with corners G|V and V to manifolds without corners. The idea
is simply to symmetrically expand Rnk along first k coordinate directions to make
it into Rn, so that G|V will expand to be an open set G˜ := Sym(GV ) in R
l+n, and
V becomes an open set Sym(V ) in Rn. The s, t maps on G˜ are defined to be the
natural extension of s, t on G|V that become invariant under this symmetry. By a
local model for proper Lie groupoids (cf.[CM] prop. 2.30) around x we know that
there is a neighbourhood N˜ around x in Sym(V ) such that when restricting to N˜ ,
there is a G˜x invariant open set W˜ in N˜x (the normal space in Sym(V ) to the orbit
Ox) and an open setO in Ox∩Sym(V ), such that G˜N˜ is isomorphic to the product of
linear action groupoids G˜x⋉W˜ with pair groupoid O×O ⇒ O. So when restricting
back to the original Lie groupoid with corners GV and V , we see that there is a
neighbourhood N ⊆ V around x, an (GV )x invariant open setW in Nx (the normal
space in V to the orbit Ox, which is R
n
k ) and an open set O in Ox∩V so that (GV )N
is isomorphic to the product of a linear action groupoid with corners (GV )x⋉W with
product groupoid O×O ⇒ O. This is the local model of Lie groupoid with corners.
Also (GV )N is Morita equivalence to (GV )x ⋉W . Moreover, (GV )N is also Morita
equivalence to (GV )x ⋉Nx. For this we use also that Nx ∼= Rnk admits arbitrarily
small (GV )x-invariant open neighbourhoods of the origin which are equivariantly
diffemorphic to Nx. The latter can be deduced from the corresponding statement
for Rn by using doubling argument straightforwardly. 
Theorem 3.0.6. There is an equivalence between orbifolds with corners defined in
the sense of (3.0.2) and proper Lie groupoids with corners with discrete isotropy
groups.
Proof. =⇒ if X is given by the original definition (3.0.2), locally, X is given by the
action groupoid φ ⋉ U , i.e. locally X is homeomorphism to the orbit space |U/φ|.
We can glue such action groupoids together to form a (proper) Lie groupoid with
corners whose isotropy groups are all finite groups.
⇐= ifX is homeomorphic to the orbit space of a proper Lie groupoid with corners
with discrete isotropy groups, then by the proposition (3.0.5), we know that locally
G is Morita equivalent to a linear action groupoid Gx ⋉ Ux, for an invariant open
set Ux ⊆ Nx. As Gx is discrete and compact, it is a finite group. Thus locally X
is homeomorphic to |Ux/Gx|. These Gx⋉Ux give the generalized orbifold charts of
X in the sense of (3.0.2). We thus conclude the proof of (3.0.6). 
One can also prove an analogue of Linearization theorem for Lie groupoids with
corners, along with the lines of using Zink’s theorem ([Z])(for orbit a single point)
and Weinstein’s trick ([W]). As we do not need it in this paper, and the proposition
(3.0.5) above is enough for our main result (1.0.2), we will prove it in our sequel
paper.
A somewhat surprising property of orbifolds is that it can always be described
as a global quotient.
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Proposition 3.0.7. Every classical n-orbifold X is diffemorphic to a quotient orb-
ifold for a smooth, effective, and almost free O(n)-action on a frame bundle (which
is a smooth manifold) Fr(X).
We refer the readers to [ALR] for details on this result.
4. Stratification theory on proper Lie groupoids (with corners)
In this section, we discuss the stratification and triangulation theories developed
particularly for orbifolds, and more generally for orbispaces. It was generalized to
Lie groupoids setting, leading to a unified and more compact theory.
For stratified spaces we understand they are Hausdorff second-countable topo-
logical spaces X endowed with a locally finite partition S = {Xi|i ∈ I} such that
(1) Each Xi endowed with the subspace topology, is a locally closed, connected
subspace of X and a smooth manifold.
(2) (locally finiteness) every point x ∈ X has a neighbourhood that intersects finite
members of S.
(3) (frontier condition) the closure of Xi is the union of Xi with the members of S
of strict lower dimension.
However, if X is a manifold with corners, the locally finiteness condition needed
to be modified:
(2) (for manifold with corners). We only require it holds on each k-corner, rather
than the whole X .
If X has a differentiable structure for example a differential manifold (or more
generally a differentiable space developed in [NS]), one usually further requires it
being a Whitney stratification (cf.[CM]).
Definition 4.0.1. (Whitney stratification). LetM be a smooth manifold (without
boundary). Let N be a subset ofM . Let S be a stratification of N . Then S is said
to be a Whitney stratification if the following conditions hold
(A) For any strata R,S ∈ S, given any sequence {xi} of points in R such that
xi → y ∈ S and TXxi converges to some r-plane (r=dim(R)) τ ⊂ TMy, we
have TYy ⊂ τ .
(B) Let {xi} be a sequence of points in R, converging to y and {yi} a sequence of
points in Y , also converging to y. Suppose TXxi converges to some r-plane
τ ⊂ Rn and that xi 6= yi for all i and the secants (xiyi) converge (in projective
space Pn−1) to some line l ⊂ Rn . Then l ⊂ τ .
When M is a manifold with corners, the condition (A) should be replaced by:
(A) (for manifold with corners). We require that when S is on a corner of R, then
Tx(M) should be understood as the R-dimensional vector space tangent to x
on the doubling of the local model Rnk around x which is R
n.
Any Lie groupoid has a canonical stratification induced by the Morita type
equivalence classes, denoted by x ∼M y, i.e. x ∼M y ⇐⇒ (Gx, Nx) ∼= (Gy , Ny)
where Nx, Ny are normal (normal spaces to the orbits Ox and Oy respectively)
representations of Gx,Gy, respectively. Since Morita type equivalence relation is
invariant on any orbit, it also induces a stratification on the orbit space. We
refer the readers to [CM] for details on Morita type equivalence and canonical
stratification.
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There are other equivalence relations, for example, isotropy isomorphism equiv-
alence that is defined by: x ∼= y ⇔ Gx ∼= Gy . However when passing to connected
components of each equivalence class they all give the same stratification.
If the Lie groupoid happens to be an action groupoid, then the stratification also
agrees with the stratification induced by some equivalence relations specific to group
actions. For example, orbit type equivalence that is defined by x ∼ y ⇔ Gx ∼ Gy
(i.e. Gx and Gy are conjugate in G), or isotropy isomorphism equivalence. We refer
the interested readers to [CM] for more details.
The key result in the theory on the stratification of proper Lie groupoid is that
the canonical stratification on M and X are both Whitney stratifications (cf. [CM]
prop. 5.7), which we will generalize to Lie groupoids with corners.
Theorem 4.0.2. Let G ⇒M be a proper Lie groupoid over M , then the canonical
stratifications of M and X are Whitney stratifications.
Any Morita equivalence between two proper Lie groupoids induces an isomor-
phism of differetiable stratified space between their orbit spaces.
The most innovative ingredient of this paper is to generalize the result above to
Lie groupoids with corners. We need to talk first on what the Morita equivalence
relation means in this setting.
Definition 4.0.3. (Morita equivalence for Lie groupoids with corners). Let G be
a Lie groupoid with corners over M and H a Lie groupoid with corners over N . A
morita equivalence between G and H is given by a principle G −H bi-bundle, i.e. a
manifold with corners P endowed with
(1) Surjective submersion α : P → N, β : P →M that compatible with corner
structures of P,M and N .
(2) A left action of H on P along the fibers of α, compatible with the corner
structure of H and P , which makes β : P →M into a principle H-bundle.
(3) A right action of G on Q along the fibers of β, compatible with the corner
structure of G and Q, which makes α : Q→ N into a principle G-bundle.
(4) the left and right action commute.
G and H are Morita equivalence if such a bi-bundle exists.
The following statement is the ”corner” case extension of a standard result on
the stratification of proper action groupoids (cf. [CM] thm 4.30).
Proposition 4.0.4. Let G ⇒ M be a proper Lie groupoid with corners over M .
The canonical decompositions of M and X := |M/G| by the Morita type equiv-
alence classes on each k-corner of M and X are stratifications. Moreover, this
stratification on M is a Whitney stratification.
Given a Morita equivalence between two Lie groupoids with corners G and H, the
induced homeomorphism at the level of orbit space preserves the canonical stratifi-
cation.
Proof. For proper Lie groupoids over manifolds, this property is shown to be true in
[CM]. To generalize it to ”corner” case, however, the ”doubling” argument does not
work at all, since in general each k-corner will form independent stratum, regardless
of their orbit types. We can prove it by continuity argument: If T is a strata on
k-corner of M or X with orbit type H , and if T¯ ∩ ∂X 6= ∅, then any point in this
intersection has orbit type H , due to the continuity of Gx on M . The manifold
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and locally finiteness conditions on M (resp. X) are obvious satisfied, since each
strata on each k-corner of M (resp. X) is a smooth manifold and the canonical
decomposition on it is locally finite. Now we verify the condition of frontier. Let T1
be a strata in a connected component of k-border Xk, and let Ul := T¯1∩∂lXk, and
T2 := T¯1 ∩Xk/T1, U2l := T¯2 ∩ ∂lXk. Since Ul has orbit type H , strata in U2l has
orbit type the same as the corresponding strata in T2, and the union of closures of
all strata in Xk covers its boundary, U1∪U2l will be the lower dimensional stratum
consisting of strata in ∂lXk lying in the closure of T1. Since on Xk it satisfies the
condition of frontier ([CM]), we conclude that the condition of frontier holds. The
continuity of the canonical projection π : M → X ensures that the condition of
frontier also holds on the orbit space.
To prove that it is a Whitney stratification on M , we observe that if (R,S) are
two strata on the same k-corner ofM , then [CM] shows that Whitney condition (A)
is true. If (R,S) lie on a k-corner ofM and its boundary l-corner respectively, then
for any xn ∈ R converging to x ∈ S, and the tangent spaces Txn(R) converging to
τ ⊂ Tx(M) (locally around x, Tx(M) is given by doubling the local model Rnk , so
Tx(M) is R-dimensional), Tx(S) must lie in τ , due to the very structure of manifold
with corners.
The statement of Morita invariance on orbit space follows from the fact that
Morita equivalence relation is invariant on any orbit O on any k-corner of M . 
We will prove that the above stratification is also a Whitney stratification on X .
To achieve that, we need a ”corner” case extension of a result of Bierstone on the
stratification of orbit space of a proper action groupoid.
Proposition 4.0.5. Let G ⋉M be a proper action groupoid with corners , then
the orbit space X := |M/G| has a Whitney stratification, and it coincides with the
canonical stratification induced by Morita type equivalence classes.
Proof. It was shown in the proposition (4.0.4) that the partition by Morita type
equivalence classes on X is a stratification. Now we prove it is a Whitney strati-
fication. As this is a local property, by the local model (3.0.5), the orbit space X
is locally homeomorphism to the orbit space of a linear corner representation of a
compact Lie group Gx. Consider, now, Gx acting linear on Rnk compatible with the
corner structure. According to [B], the orbit space of any linear action of a compact
Lie group H on Rn can be realized as a semi-algebraic subset (for semi-algebraic
set see [L]) of an affine variety that is induced by the map:
(5) Φ : Rn → Rh
where Φ = (φ1, . . . , φh) is a set of generator of H invariant polynomials on Rn, and
can be assumed to be homogeneous. Rn/H is homeomorphic to the image Φ(Rn)
that is a semi-algebraic subset of the affine variety V (I) where I is the idea of al-
gebraic relations among φ1, φ2, . . . , φh. Using the ”doubling” technique, we expand
along n − k axes in Rnk to turn the latter symmetrically into R
n, with the action
of Gx × Z
n−k
2 of which the second factor acting by reflection along corresponding
axis. Let g ∈ Gx, τ 6= 1 ∈ Z2, from (g, 1)× (1, τ) = (1, τ)× (g, 1), we deduce Gx × 1
keeps all corners invariant, then Gx⋉Rnk is equivalent to (Gx×Z
n−k
2 )⋉R
n with the
constrain that Gx × 1 keeps Rnk invariant. Then, as in [B] we can use Gx ×Z
n−k
2 to
find a mapping Φ = (φ1, φ2, . . . , φl) : R
n → Rl that induces a homeomorphism from
Rn/(Gx×Z
n−k
2 ) to a semi-algebraic subset of an affine variety in R
l. One can freely
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add (x1, x2, . . . , xn) to Φ, so we may assume (φ1, φ2, . . . , φn) = (x1, x2, . . . , xn).
Restricting to Rnk , we see that Φ induces a homeomorphism from R
n
k/Gx to a
semi-algebraic set in Rlk, and this homeomorphism is compatible with the corner
structure, i.e. restricting to each Bordt(R
n
k )/Gx is a homeomorphism to a semi-
algebraic set in Bordt(R
l
k). Since by the result of [B] the image on each t-corner of
Rlk has a Whitney stratification that coincides with the canonical stratification for
each t-corner of Rnk , and with the same reason as the proof on (4.0.4), for (R,S)
lying on different corners of Rlk the Whitney condition (A) is also satisfied (with
ambient manifold Rl). We conclude the proposition. 
We can now give a ”corner” case result corresponding to the theorem (4.0.2).
Proposition 4.0.6. Let G ⇒ M be a proper Lie groupoid with corners, then M
and the orbit space X := |M/G| has a Whitney stratification, and it coincides with
the canonical stratification induced by the Morita type equivalence classes.
Any Morita equivalence between two proper Lie groupoids with corners induces
a homeomorphism between their orbit spaces that preserves the canonical stratifica-
tions.
Proof. Let n = dimM . It was already shown in the proposition (4.0.4) that the
canonical decompositions onM and X are stratifications and it is a Whitney strat-
ification on M . It is a local problem to verify it is a Whitney stratification on X .
By the local model (3.0.5) of G around a point x ∈ M , we know that it is enough
to check this property for a proper action groupoid with corners Gx ⋉ U where
U ⊂ Nx ∼= Rnk for some k. The proposition (4.0.5) already shows that this is true.
The Morita invariance on X is also established in (4.0.4). 
5. Main theorem
Now we prove our main theorem (1.0.2). Before that we take this opportunity
to briefly mention a former effort of us to tackle this problem. We tried to use the
global quotient theorem (3.0.7) and a result of Yang ([Y]) on the triangulability of
the orbit space of transformation groups. However, unfortunately we finally found
that his result is incorrect due to using a result of S. S. Cairns ([CSS]) on the tri-
angulability of so called regular locally polyhedral spaces that is known to be false
now. And the global quotient construction on orbifolds with corners is also not
very pleasant.
Proof of the theorem (1.0.2).
Proof. Let G be a proper Lie groupoid with corners over M , being the orbifold
structure of an orbifold with corners P in our geometric chains. Proposition (4.0.4)
shows that the canonical stratification (induced by the Morita equivalence (4.0.3))
on the orbit space P ∼=M/G is a stratification. And the proposition (4.0.6) shows
that it is further a Whitney stratification. A classical result of Thom and Marden
(cf.[Mat70]) shows that any Hausdorff paracompact topological space embedded
in a manifold without boundary and with a Whitney stratification admits an ab-
stract pre-stratification structure. The notion of abstract pre-stratification is an
axiomatization of the notion of control data in [Mat70]. See appendix for a pre-
cise definition. Although our orbit space P does not necessary be embedded in
a manifold, however, locally it did, as from the proof on the proposition (4.0.5).
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Or one can use the definition of Whitney stratification on a general differentiable
space (cf.[CM]). So it indeed admits an abstract pre-stratification structure. A
result of Verona (cf.[V]) then shows that any Hausdorff paracompact topological
space with an abstract pre-stratification structure (in particular it has a stratifica-
tion) admits a triangulation subordinate to the pre-stratification (the stratification
underlying it). By a triangulation of a topological space X we mean a homeomor-
phism tri : X → |L| from X onto a underlying space of a simplicial complex L, and
we say that this triangulation is subordinate to a stratification S of X if for any
strata R ∈ S, tri|R is the underlying space of a simplicial subcomplex of L. Note
that the canonical stratification is compatible with the corner structure of P .
So we prove that an orbifold with corners admits a triangulation compatible with
the corner structure. For any geometric ”simplex” f : P → X , we choose such a
triangulation trif . Define the following homomorphism of chains:
gtrif : GCh∗(X)→ Ch∗(X)(6)
(f : P → X)→ Στf(tri
−1
f )|τ(7)
where P is a connected compact orbifold with corners, τ is any simplex in the
triangulation trif . Since P is compact, the right hand of (6) is finite. g commutes
with differential d on both side. Thus it induces a homomorphism from geometric
homology groups of X GH∗(X,Q) to H∗(X,Q). We denote it by g
trif
h .
g
trif
h is injective, since any connected simplex is a connected compact orb-
ifold with corners. By the same reason, g
trif
h is surjective. So we deduce that
GH∗(X,Q) ∼= H∗(X,Q).
Furthermore we can show that g
trif
h is independent of the chosen triangulations
trif s. Let tri
1
f : P → L1 and tri
2
f : P → L2 be two triangulations corresponding
to a geometric ”simplex” f : P → X . As simplicial complexes, the simplicial
homology groups of L1 and L2 are isomorphic that are also isomorphic to the
singular homology groups H∗(P,Q). There exists a common refinement L of L1
and L2. Then the homology class of top dimension simplexes in L is the same
as the ones in L1 and L2. This means that the homology classes of top dimension
simplexes in L1 and L2 represent the same class in HdimP (P,Q). Thus g
tri1f
h (f) and
g
tri2f
h (f) represent the same element in H∗(X,Q). This completes the proof. 
Proof of the corollary (1.0.3).
Proof. With the same steps as in the proof on the theorem (1.0.2), we arrive at
a homomorphism g
trif
h from GC
m
∗ (X,Q) to C∗(X,Q). The subjectiveness and
infectiveness of this homomorphism follow from the observation that any simplex
is a manifold with corners (a simplicial complex is thus a geometric complex with
bases restricting to manifolds with corners). The canonical definiteness of gh also
follows directly from the same reason derived in the proof above. 
As stated in the introduction, the geometric chains behavior nicely with some
natural operations. We list two of them.
(1) (Pullback). Let f : Y → X be a fiber bundle with fiber F a smooth
connected oriented manifold possibly with corners, it induces a pullback
f∗ : GC∗(X,Q)→ GC∗(Y,Q) as usual.
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Definition 5.0.1. For (x : P → X) ∈ GC∗(X,Q), f∗(x) : R
y
−→ X is an
element of GC∗(Y,Q) such that the following diagram commutes.
Z

✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
✴
''P
PP
PP
PP
PP
PP
PP
P

R //
y

P
x

Y
f
// X
and it satisfies the universal property: if Z is another topological space
satisfying the same property, then there is a unique morphism Z → R
making the above diagram commutes.
By the universality, f∗(x) is unique up to a unique isomorphism. The
existence can be deduced as follows: f∗(x) exists as a topological space. It
is enough to check locally, in which case it is Y = X×F with f a projection
onto the second factor. In this case f∗(x) is isomorphic to P × F
(f,id)
−−−→ Y
where P × F is a smooth connected oriented orbifold with corners.
(2) (Cartesian product). Let X,Y be two topological spaces, then there is a
functor prod : GC∗(X)×GC∗(Y )→ GC∗(X × Y,Q), defined as follows.
Definition 5.0.2. if P and Q are two smooth connected orbifolds with
corners, then prod((fX , fY )) := (fX × fY )(R) where R is the cartesian
product of orbifolds with corners P and Q with the induced orientation,
which is also an orbifold with corners.
As stated in the section of introduction, we expect our GHT has applications in
some situations where if using singular chains there will result in some difficulties.
Finally, we remark that the above results hold only for differentiable orbifolds
with corners. We don’t expect similar results hold in topological category, i.e.
topological orbifolds with corners, at least these can not be deduced using methods
in this paper, since C.Manolescu ([Man]) showed that there is a topological manifold
in each dimension ≥ 5 that is not triangulable. We will leave it as an interesting
topic for future study.
6. Appendix
A closely related notion to the notion of Whitney stratification is abstract pre-
stratification. It is a very essential concept in the stratification and triangulation
theory (cf. [Mat70, V]).
Definition .0.1. An abstract pre-stratified set is a triple (V,S,J ) satisfying the
following axioms.
(1) V is as Hausdorff, locally compact topological space with a countable basis
for its topology.
(2) S is a family of locally closed subsets of V , such that V is the disjoint union
of the members of. The members of S will be called the strata of V .
(3) Each stratum of V is a topological manifold (in the induced topology),
provided with a smoothness structure.
(4) The family S is locally finite.
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(5) The family S satisfies the axiom of the frontier: if X,Y and Y ∩ X¯ 6= ∅,
then Y ⊆ X¯. If Y ⊆ X¯ and Y 6= X , we write Y < X . This relation is
obviously transitive: Z < Y and Y < X imply Z < X .
(6) J is a triple {(TX), (πX), (ρX)}, where for each X ∈ S, TX is an open
neighbourhood of X in V , πX is a continuous retraction TX of onto X , and
ρX : X → [0,∞) is a continuous function. We will TX call the tubular
neighbourhood of X (with respect to the given structure of a prestratified
set on V ), πX the local restriction of TX ontoX and ρX the tubular function
of X .
(7) X = {v ∈ TX : ρX(v) = 0}. If X and Y are any strata, we let TX,Y =
TX ∩ Y , πX,Y = πX |TX,Y , and ρX,Y = ρX |TX,Y ,. Then πX,Y is a mapping
of TX,Y into X and ρX,Y is a mapping ρX,Y into (0,∞). Of course, TX,Y
may be empty, in which case these are the empty mappings.
(8) For any strata X and Y the mapping (πX,Y , ρX,Y ) : TX,Y → X × (0,∞) is
a smooth submersion. This implies dim X < dim Y when TX,Y 6= ∅.
(9) For any strata X,Y , and Z, we have πX,Y πY,Z(v) = πX,Z(v)
ρX,Y πY,Z(v) = ρX,Z(v) whenever both sides of this equation are satisfied,
i.e., whenever v ∈ TY,Z and πY,Z(v) ∈ TX,Y .
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